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Abstract
We construct the Neveu-Schwarz sector of heterotic string field theory using the large Hilbert
space of the superghosts and the multi-string products of bosonic closed string field theory. No
picture-changing operators are required as in Wess-Zumino-Witten-like open superstring field theory.
The action exhibits a novel kind of nonpolynomiality: in addition to terms necessary to cover missing
regions of moduli spaces, new terms arise from the boundary of the missing regions and its subspaces.
We determine the action up to quintic order and a subset of terms to all orders.
1
1 Introduction
String field theory is one possible approach to the construction of a nonperturbative formulation of
string theory. There are two known Lorentz-covariant bosonic string field theories. One is an open
string field theory [1] with a Chern-Simons-like cubic action, and the other one is a closed string
field theory [2, 3] with nonpolynomial interactions which are necessary to cover the moduli spaces
of punctured spheres. There is also an open-closed bosonic string field theory [4], and there is a
conjectural vacuum string field theory [5].
The construction of superstring field theory is complicated because of superghost pictures. For
the Neveu-Schwarz (NS) sector of open superstrings, the difficulties have been resolved by working
in the large Hilbert space that includes the zero mode of the fermionic superghost ξ. The resulting
Wess-Zumino-Witten-like (WZW-like) action [6] contains an infinite number of regular contact terms.
The great advantage of this formulation is that no picture-changing operators appear in the action. It
is also possible to write heterotic and, perhaps, type II string field theories if we allow the insertion
of picture-changing operators in the action [7]. The resulting structure, however, is complicated and
noncanonical because one must give a prescription to deform the closed string vertices and prevent
the collision of picture-changing operators.1
In this paper we construct a Lorentz-covariant string field theory for the NS sector of heterotic
strings [9]. We work in the large Hilbert space and use the nonpolynomial structure of bosonic closed
string field theory to produce a cover of the moduli spaces of punctured spheres. Gauge invariance
further requires elementary interactions associated with the boundary of the missing regions of the
moduli spaces and with lower-dimensional subspaces of this boundary. As in the case of WZW-like
open superstring field theory, no insertions of picture-changing operators are necessary. Our work
was partially motivated by the desire to have calculable closed superstring field theories to investigate
conjectures concerning twisted tachyons in orbifold backgrounds [10].
2 Open superstring and closed bosonic string field theories
In this section we review the structure of WZW open superstring field theory and bosonic closed string
field theory, focusing on the aspects necessary for our construction of heterotic string field theory. We
begin with the open superstring field theory [6].
A general off-shell open string field configuration in the GSO-even NS sector corresponds to a
Grassmann even state |Φ〉 of ghost number zero and picture number zero in the combined conformal
field theory (CFT) of matter, ghosts, and superghosts. This string field lives in the ‘large Hilbert
space’ that contains the zero mode ξ0 of the field ξ. For the superghosts ξ, η, and φ, the assignments
of ghost number (G) and picture number (P ) are as follows:
ξ : G = −1 , P = 1 , η : G = 1 , P = −1 , eqφ : G = 0 , P = q . (2.1)
1Open superstring field theory actions with explicit picture-changing operators were considered in [8].
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The string field theory action takes the following form:
S =
1
2g2
〈〈
(e−ΦQeΦ) (e−Φη0 e
Φ)−
∫ 1
0
dt (e−tΦ∂te
tΦ) { (e−tΦQetΦ), (e−tΦη0 e
tΦ) }
〉〉
, (2.2)
where {A, B} ≡ AB +BA, Q is the BRST operator, and η0 =
∮
dz η(z). This action is defined using
Witten’s star product [1] by expanding all exponentials in formal Taylor series preserving the order of
all operators. To cubic order one finds
S =
1
2g2
〈〈 1
2
(QΦ) (η0Φ) +
1
6
(QΦ)
(
Φ (η0Φ)− (η0Φ)Φ
)〉〉
+O(Φ4) . (2.3)
The full action is invariant under gauge transformations with gauge parameters Λ and Ω:
δeΦ = (QΛ) eΦ + eΦ (η0Ω) . (2.4)
The gauge invariance can be proven using, among others, {Q, η0} = 0 and Q
2 = η20 = 0. The equation
of motion for the string field is η0 (e
−ΦQeΦ) = 0, which, to linearized order, reduces to
Qη0 |Φ〉 = 0 . (2.5)
Using the Ω gauge invariance one can choose the gauge ξ0 |Φ〉 = 0, and thus write |Φ〉 = ξ0 |Φ̂〉, where
η0 |Φ̂〉 = 0. Here |Φ̂〉 is a state in the ‘small Hilbert space’, the space that does not include the zero
mode of ξ. In the gauge |Φ〉 = ξ0 |Φ̂〉, the linearized equation of motion reduces to Q |Φ̂〉 = 0. This
equation of motion is satisfied when the vertex operator corresponding to the state |Φ̂〉 takes the form
of ce−φVM , where VM is a matter primary with dimension 1/2. The corresponding state |Φ〉 = ξ0 |Φ̂〉
has ghost number and picture number zero, as expected. In the GSO even sector VM is Grassmann
odd. Since ξ0, c, and e
−φ are all Grassmann odd, |Φ〉 is Grassmann even.
Let us now turn to the second ingredient of the construction. The bosonic closed string field theory
action [2] is given by
S = −
2
α′
( 1
2
〈Ψ, QΨ 〉+
1
3!
κ 〈Ψ, [ Ψ, Ψ ] 〉+
1
4!
κ2 〈Ψ, [ Ψ, Ψ, Ψ ] 〉+ . . .
)
. (2.6)
The closed string field |Ψ〉 has ghost number two and satisfies the subsidiary conditions (b0− b¯0) |Ψ〉 =
(L0− L¯0) |Ψ〉 = 0. There is an infinite set of string products, all of which are graded-commutative. For
example, the lowest product satisfies [A, B ] = (−1)AB [B, A ], where string states in the exponent
represent their Grassmann property, 0 (mod 2) for Grassmann even states and 1 (mod 2) for Grassmann
odd states. The linear inner product is defined by 〈A ,B 〉 = 〈A |c−0 |B 〉, where 〈A | is the BPZ
conjugate of |A 〉, and c−0 =
1
2(c0 − c¯0). Some important identities satisfied by the lowest product, the
inner product, and the BRST operator Q are
〈A, B 〉 = (−1)(A+1)(B+1) 〈B, A 〉 ,
〈QA, B 〉 = (−1)A 〈A, QB 〉 , (2.7)
〈 [A, B ] , C 〉 = (−1)A+B 〈A, [B, C ] 〉 .
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The products, together with the inner product, define fully graded-commutative multilinear forms:
{B1, B2, . . . , Bn } ≡ 〈B1, [B2, . . . , Bn ] 〉 . (2.8)
The fundamental relation satisfied by the closed string products takes the form:
0 = Q [B1, . . . , Bn ] +
n∑
i=1
(−1)(B1+...+Bi−1)[B1, . . . , QBi, . . . , Bn ]
+
∑
{il, jk}
σ(il, jk) [Bi1 , . . . , Bil , [Bj1 , . . . , Bjk ] ] . (2.9)
The sum in the second line runs over all different splittings of the set {1, 2, . . . , n} into a first group
{i1, . . . , il} and a second group {j1, . . . , jk}, where l ≥ 1 and k ≥ 2. Two splittings are the same if
the corresponding first groups contain the same set of integers regardless of their order. The sign
factor σ(il, jk) is the sign picked up when one rearranges the sequence {Q, B1, B2, . . . , Bn} into the
sequence {Bi1 , . . . , Bil , Q, Bj1 , . . . , Bjk } taking into account the Grassmann property of the various
objects. For n = 2, the identity is
0 = Q [B1, B2 ] + [QB1, B2 ] + (−1)
B1 [B1, QB2 ] . (2.10)
This is the derivation property of Q. One might have expected a minus sign in front of the first term
on the right-hand side, but the sign is absent because the string product carries an insertion of b0− b¯0.
For n = 3, the identity (2.9) is
0 = Q [B1, B2, B3 ] + [QB1, B2, B3 ] + (−1)
B1 [B1, QB2, B3 ] + (−1)
B1+B2 [B1, B2, QB3 ]
+ (−1)B1 [B1, [B2, B3 ] ] + (−1)
B2(1+B1) [B2, [B1, B3 ] ] + (−1)
B3(1+B1+B2) [B3, [B1, B2 ] ] .
(2.11)
Because of insertions of b ghosts, Q is no longer a derivation. The violation of the derivation property
of Q is related to the violation of the Jacobi identity.
The ghost number of a string product is not the sum of the ghost number of each state. For a
product with n input states we have
G( [B1, B2, . . . , Bn ] ) = −2(n− 2)− 1 +
n∑
i=1
Gi , (2.12)
where Gi is the ghost number of Bi.
3 The construction of Heterotic String Field Theory
The string field theory that we will construct can be formulated for any consistent background of het-
erotic string theory, namely, for any conformal field theory with the following structure of holomorphic
and antiholomorphic sectors. The holomorphic sector is comprised of an N = 1 superconformal matter
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theory with central charge c = 15, reparameterization ghosts (b, c) with central charge c = −26, and
superghosts (ξ, η, φ) with c = 11. The antiholomorphic sector is not supersymmetric and consists of
a matter theory with c¯ = 26 and reparametrization ghosts (b¯, c¯) with c¯ = −26. The full theory has
an NS sector and a Ramond (R) sector, depending on the boundary conditions of fermions on the
supersymmetric side. In this paper we focus on the NS sector and assume that this sector has been
truncated to the GSO even states. Presumably, a formulation that describes both GSO even and odd
states can be obtained with small modifications, as discussed in detail in [11].
The open superstring field was defined to be Grassmann even and had both ghost number and
picture number zero. In bosonic open string field theory the string field is Grassmann odd, has ghost
number one, and carries no picture. By tensoring the two string fields, the resulting closed string field
V should be Grassmann odd and have ghost number one and picture number zero:
V : Grassmann odd, G = 1, P = 0 . (3.1)
We work in the large state space of the superconformal sector. Physical vertex operators corresponding
to |V 〉 in the gauge ξ0|V 〉 = 0 take the form of V = ξ cc¯ VM e
−φ. Here VM is a Grassmann odd matter
primary operator with dimensions (1/2, 1). Since V is Grassmann odd, so is the string field. The
normalization of correlators in the full CFT for a flat spacetime background is given by
〈〈 ξ(w1) e
−2φ(w2) c(z1)c¯(z¯1) c(z2)c¯(z¯2) c(z3)c¯(z¯3) e
ip·X(z,z¯) 〉〉 = 2(2pi)Dδ(D)(p)|z1−z2|
2|z1−z3|
2|z2−z3|
2 ,
(3.2)
where D = 10 is the dimension of spacetime. Nonvanishing correlators require total ghost number
five and total picture number minus one. Since we will write the action using the inner product 〈 · , · 〉
which contains an insertion of c−0 , each term in the action must have ghost number four and picture
number minus one.
In the full CFT we have a BRST operator Q that is nilpotent and, as usual, satisfies the relations
{Q, b(z)} = T (z) and {Q, b¯(z¯)} = T¯ (z¯), with T, T¯ the total stress tensor of the conformal field theory.
Since we are dealing with a closed string theory, the following subsidiary conditions apply:
(b0 − b¯0) |V 〉 = (L0 − L¯0) |V 〉 = 0 . (3.3)
The inner product is 〈A ,B 〉 = 〈A |c−0 |B 〉, formally the same one we had for bosonic closed strings.
The string products are obtained by integrating forms over certain subsets of the ordinary moduli
spaces of punctured Riemann spheres. The forms have no superghost insertions, while insertions of b
antighosts are present in exactly the same way as in bosonic closed string field theory. This implies
that the string products in heterotic strings satisfy the identity (2.9). The identities in (2.7) also hold.
For simplicity, we denote the zero mode of the field η by η itself. Then we have
〈 ηA, B 〉 = (−1)A 〈A, ηB 〉 . (3.4)
Since the string products contain no superghost insertions, η is a derivation:
0 = η [B1, . . . , Bn ] +
n∑
i=1
(−1)(B1+...+Bi−1) [B1, . . . , ηBi, . . . , Bn ] . (3.5)
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3.1 Quadratic and cubic terms in the action
The kinetic term for the heterotic string field theory action is expected to give the linearized field
equation Qη |V 〉 = 0 , which in the gauge ξ0 |V 〉 = 0 reduces to the conventional BRST cohomology
problem in the small Hilbert space. We expand the action in powers of the gravitational constant κ:
S =
2
α′
∞∑
n=2
κn−2Sn , (3.6)
and we write S2 as
S2 =
1
2
〈 ηV, QV 〉 . (3.7)
As required, the total ghost number and total picture number for the operators in the above inner
product are four and minus one, respectively. Using (2.7) and (3.4) the variation of S2 is given by
δS2 = 〈 δV, QηV 〉 = 〈QηV, δV 〉 , (3.8)
which yields the correct linearized equation of motion. The kinetic term is invariant under the trans-
formations
δ
(0)
Λ V = QΛ , δ
(0)
Ω V = ηΩ . (3.9)
The cubic interaction requires the lowest string product. Since V is Grassmann odd and the string
products are graded-commutative, the product [V, V ] vanishes. On the other hand, [V, QV ] does
not vanish, and it has ghost number two, as can be seen from (2.12). We write S3 as
S3 =
1
3!
〈 ηV, [V, QV ] 〉 , (3.10)
or, using the multilinear form, as
S3 =
1
3!
{ ηV, V, QV } . (3.11)
Since the sum of pictures of the operators involved must be minus one, there is just one factor of η.
This will be the case for all terms in the action. It is instructive to see how the above cubic term reduces
to the expected correlator for physical states. First we note that {A, B, C } = 〈〈A(∞)B(0)C(1) 〉〉
for physical states, where 〈〈 . . . 〉〉 denotes correlator. Writing |V 〉 = ξ0 |V̂ 〉, where Q |V̂ 〉 = 0 and |V̂ 〉
has picture minus one, we see that
S3 =
1
3!
〈〈 {η0 , V (∞)} V (0) {Q,V (1)} 〉〉 =
1
3!
〈〈 V̂ (∞) ξV̂ (0)
∮
dz
2piiz
X(z) V̂ (1) 〉〉 , (3.12)
where X(z) = {Q, ξ(z)} is the picture-changing operator and the contour of the integral encircles
z = 1 counterclockwise. The expression on the right-hand side, using (3.2), reduces to the small
Hilbert space correlator of V̂ (∞), V̂ (0), and limz→1X(z)V̂ (1), the last of which is the vertex operator
in the zero picture. This is the expected result.
To see how the gauge transformations are modified by the addition of the cubic interaction we first
consider the general variation of S3. Using the following formulas
0 = {QB1, B2, B3 }+ (−1)
B1 {B1, QB2, B3 }+ (−1)
B1+B2 {B1, B2, QB3 } ,
0 = { η B1, B2, B3 }+ (−1)
B1 {B1, η B2, B3 }+ (−1)
B1+B2 {B1, B2, η B3 } , (3.13)
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which follow from (2.7), (2.8), (2.10), (3.4), and (3.5), a short calculation gives
δS3 =
1
2
{ δV, ηV, QV } =
1
2
〈 δV, [ ηV, QV ] 〉 . (3.14)
It follows that the gauge variation δ
(0)
Λ S3 is given by
δ
(0)
Λ S3 =
1
2
〈QΛ, [ ηV, QV ] 〉 . (3.15)
Using [ ηV, QV ] = −Q [ ηV, V ]− [QηV, V ] , we obtain
δ
(0)
Λ S3 = −
1
2
〈QΛ, [QηV, V ] 〉 = −
1
2
〈QηV, [V, QΛ ] 〉 . (3.16)
Making use of (3.8) we deduce that the above variation of the cubic term can be cancelled against a
variation of the quadratic term by modifying the gauge transformation:
δΛV = QΛ +
κ
2
[V, QΛ ] +O(κ2) . (3.17)
The gauge transformation generated by η works out in a similar way:
δ
(0)
Ω S3 =
1
2
〈 ηΩ, [ ηV, QV ] 〉 . (3.18)
Using [ ηV, QV ] = −η [V, QV ]− [V, QηV ] , we find
δ
(0)
Ω S3 = −
1
2
〈 ηΩ, [V, QηV ] 〉 = −
1
2
〈QηV, [ ηΩ, V ] 〉 . (3.19)
This variation is also cancelled by modifying the gauge transformation:
δΩV = ηΩ+
κ
2
[ ηΩ, V ] +O(κ2) . (3.20)
To cubic order the action is
S =
2
α′
[
1
2
〈 ηV, QV 〉+
κ
3!
〈 ηV, [V, QV ] 〉
]
+O(κ2) , (3.21)
and the equation of motion takes the form:
QηV +
κ
2
[ ηV, QV ] +O(κ2) = 0 . (3.22)
We have computed the on-shell scattering amplitude of three gravitons using the action (3.21). We have
confirmed that κ is the gravitational constant by comparing our result with the properly normalized
amplitude in equation (12.4.14) of [12].
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3.2 Higher-order terms
In this subsection we first make a few remarks on the general structure of higher-order terms in the
string field theory action. We then list our results for the quartic and quintic terms, together with the
corresponding gauge transformations. Finally, we determine certain classes of terms in the action to
all orders.
We have already learned that each term in the action has one factor of η. Using (2.7), (2.8), the
graded-commutativity of the multilinear forms, and possibly (2.9), we can always write any interaction
as an inner product of ηV with a string field build with string products of V ’s and QV ’s:
〈 ηV, [ . . . [ . . . [ . . . ] . . . [ . . . ] . . . ] ] 〉 . (3.23)
Consider how many times QV can appear in the terms of O(V N+1). The minimum number of products
is one, in which case the product has N entries and the term is
〈 ηV, [V, (QV )N−1 ] 〉 ≡ 〈 ηV, [V, QV, QV, . . . , QV︸ ︷︷ ︸
N−1
] 〉 . (3.24)
Here we introduced the shorthand notation (QV )N−1 for a collection of N − 1 entries of QV . There
cannot be more than one V since any product with multiple V ’s vanishes by graded-commutativity.
The (N − 1) QV ’s are in fact necessary for the ghost number to work. One can easily see from (2.12)
that the string product has ghost number two when there are (N − 1) QV ’s. The maximum possible
number of products in the terms of O(V N+1) is N − 1. In this case, the interaction term takes the
following form:
〈 ηV, [V, [V, [V, . . . [V,︸ ︷︷ ︸
N−1
QV ] ] ] . . . ] 〉 . (3.25)
To investigate the general constraint from ghost number, consider a product with N inputs:
[B1, B2, . . . , BN ] . (3.26)
We can introduce additional products by writing additional pairs of brackets inside the outer brackets.
If we add one pair of brackets, we have two products, one with N1 inputs and one with N2 inputs,
where N1 +N2 = N + 1. In fact, each time we add a pair of brackets the number of inputs increases
by one unit. For a term built with k products with input numbers N1, N2, N3, . . . , Nk , the total
number of inputs is N + k − 1. Using (2.12) the ghost number of the term in question is
G =
k∑
j=1
(−2Nj + 3) +
N∑
i=1
Gi = −2(N + k − 1) + 3k +
N∑
i=1
Gi = −2N + k + 2 +
N∑
i=1
Gi . (3.27)
Since we need G = 2, we learn that
∑N
i=1Gi = 2N − k. With V ’s and QV ’s the only possible inputs,
we must use k copies of V and N − k copies of QV . In summary, SN+1 consists of terms of the form
〈 ηV, Rk 〉 , where 1 ≤ k ≤ N − 1, and Rk is a state built using k string products, k copies of V , and
N − k copies of QV . Each product has exactly one entry that is V .
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Let us look at the quartic and quintic terms explicitly. The above analysis tells us that there are
two possible terms in the quartic part S4 of the action: the first uses a single product with three inputs,
and the second uses two products each of which has two inputs. We have found by computation that
gauge invariance uniquely determines the coefficients for these terms to be
S4 =
1
4!
(
〈 ηV, [V, QV, QV ] 〉 + 〈 ηV, [V, [V, QV ] ] 〉
)
. (3.28)
Geometrically, the first term is a correlator integrated over the subspace V0,4 of the moduli spaceM0,4
of four-punctured spheres. The subspace V0,4 is determined canonically in closed string field theory
using minimal area metrics, and it has an explicit description in terms of polyhedra associated with
Jenkins-Strebel quadratic differentials. In the computation of string amplitudes, this term is necessary
to produce a cover of the moduli spaceM0,4. The second term in (3.28) is a correlator integrated over
a part of the boundary of V0,4. Although it is required by gauge invariance, it does not contribute
to on-shell scattering amplitudes when the vertex operators take the form of ξ cc¯ e−φ times a primary
operator in the matter sector.
With the inclusion of S4, the gauge transformations of the string field acquire terms quadratic in
V . One finds
δΛV = QΛ+
κ
2
[V, QΛ ] + κ2
( 1
6
[V, QV, QΛ ] +
1
12
[V, [V, QΛ ] ]
)
+O(κ3) , (3.29)
δΩV = ηΩ+
κ
2
[ ηΩ , V ] + κ2
( 1
3
[ ηΩ , QV, V ] +
1
12
[ [ ηΩ , V ] , V ]
)
+O(κ3) . (3.30)
The gauge transformations are not uniquely determined since we can redefine the gauge parameters.
We have fixed this ambiguity by the requirement that Λ always appear as QΛ and Ω always appear as
ηΩ. The correction to the equation of motion follows from the general variation of the quartic terms:
δ
(
〈 ηV, [V, QV, QV ] 〉 + 〈 ηV, [V, [V, QV ] ] 〉
)
= 4 〈 δV, [QV, QV, ηV ] 〉 − 2 〈 δV, [V, [QV, ηV ] ] 〉
+ 4 〈 δV, [ ηV, [V, QV ] ] 〉 + 2 〈 δV, [V, [V, QηV ] ] 〉 . (3.31)
We have also determined the quintic part S5 of the action completely. This time there are four
terms: one term with one product, two inequivalent terms with two products, and one term with three
products. Their coefficients are again uniquely determined by gauge invariance. We found
S5 =
1
5!
(
〈 ηV, [V, QV, QV, QV ] 〉 + 〈 ηV, [V, [V, QV, QV ] ] 〉
+ 3 〈 ηV, [V, QV, [V, QV ] ] 〉 + 〈 ηV, [V, [V, [V, QV ] ] ] 〉
)
. (3.32)
The gauge transformations δΛV and δΩV acquire the following extra terms:
δ
(3)
Λ V =
1
4!
(
[V, QV, QV, QΛ ] + [V, QV, [V, QΛ ] ] + [ [V, QV ] , V, QΛ ]
)
, (3.33)
δ
(3)
Ω V =
1
8
[ ηΩ , QV, QV, V ] +
1
12
[ [ ηΩ , QV, V ] , V ]
+
1
8
[ ηΩ , [QV, V ] , V, ] +
1
24
[ [ ηΩ , V ] , QV, V ] , (3.34)
9
where δ
(m)
Λ V and δ
(m)
Ω V are defined by
δΛV =
∞∑
m=0
κm δ
(m)
Λ V , δΩV =
∞∑
m=0
κm δ
(m)
Ω V . (3.35)
While we have not determined all terms in the string field theory action and gauge transformations,
we have completely determined the terms in the action that are built with one string product and
with two string products. We have also derived the terms in the gauge transformations that are built
with one string product. For the action we find
Sn =
1
n!
(
〈 ηV, [V, (QV )n−2 ] 〉+
n−4∑
m=0
(
n− 2
m
)
〈 ηV, [V, (QV )m, [V, (QV )n−m−3 ] ] 〉
)
+O(Qn−4) ,
(3.36)
and for the gauge transformations we find
δ
(m)
Λ V =
1
(m+ 1)!
[V, (QV )m−1, QΛ ] +O(Qm−1) , (3.37)
δ
(m)
Ω V =
m
(m+ 1)!
[ ηΩ, (QV )m−1, V ] +O(Qm−2) . (3.38)
We present the derivation of (3.36), (3.37), and (3.38) in the Appendix. We found that gauge invariance
under either δ
(m)
Λ V or δ
(m)
Ω V alone determines the coefficients in (3.36) uniquely and gives the same
set of coefficients. We regard this as evidence that a unique gauge-invariant action exists to all orders.
Let us conclude the section by making some comments on the geometrical meaning of the various
interactions in the action. In bosonic closed string field theory the moduli space M0,n of n-punctured
spheres is covered by the contributions of an elementary vertex V0,n and Feynman diagrams built with
lower-order vertices and propagators. One writes
M0,n = V0,n ∪R
(1)
0,n ∪R
(2)
0,n ∪ . . . ∪R
(n−3)
0,n , (3.39)
where R
(I)
0,n denotes the region of moduli space obtained by Feynman graphs with I propagators. As
indicated, the maximum number of propagators is n − 3. The Feynman graphs in R
(n−3)
0,n are built
using only the three string vertex, and all the moduli arise from the propagators, each of which carries
two moduli, length and twist angle. In bosonic closed string field theory, the n-th order contribution to
the action is simply a correlator over V0,n. This is all that is needed for gauge invariance. In heterotic
theory elementary vertices arise from all components of (3.39): in addition to the correlator integrated
over V0,n, there are correlators integrated over subspaces obtained by collapsing all propagators of
R
(I)
0,n. Each time we collapse a propagator we lose the length parameter, but the twist-angle parameter
survives. For R
(1)
0,n we collapse the single propagator and we obtain a subset of M0,n of codimension
one. For R
(2)
0,n we collapse the two propagators and we obtain a subset of M0,n of codimension two.
For R
(n−3)
0,n we collapse the n − 3 propagators and we obtain a subset of M0,n of codimension n − 3,
namely, a subspace of dimension n − 3, which is half of the dimension of M0,n. As a result, the
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dimensionalities of the subspaces ofM0,n that define the vertices range from the top dimension to half
of that dimension. The highest and lowest dimensional terms correspond, in the case of M0,N+1, to
(3.24) and (3.25), respectively. If we attempted to build vertices associated with such lower dimensional
subspaces in bosonic string field theory, they would vanish for string fields of ghost number two, which
is the ghost number of the classical string field.
For four-punctured spheres we have M0,4 = V0,4 ∪ R
(1)
0,4. The two components correspond to the
two terms in (3.28). For quintic terms we have M0,5 = V0,5 ∪ R
(1)
0,5 ∪ R
(2)
0,5. The first term in (3.32)
corresponds to an integral over V0,5, the next two terms are integrals over R
(1)
0,5 with the propagator
collapsed, and the last term is an integral over R
(2)
0,5 with both propagators collapsed. At each order
the general set of vertices that we have presented in (3.36) correspond to the top subspace V0,n and
R
(1)
0,n with one propagator collapsed. Note, however, that not all Feynman graphs produce elementary
interactions because, as we discussed earlier, each string product must have one entry of V for the
ghost number to work. If we define an internal vertex to be one all of whose legs are not external legs
of the Feynman graph, the rule can be briefly stated as follows: graphs with internal vertices do not
generate elementary interactions.
A canonical construction of the subspaces V0,n is obtained in terms of restricted n-faced polyhedra:
polyhedra in which each face has perimeter 2pi and all nontrivial closed paths along the edges are larger
than or equal to 2pi. The punctured sphere associated with a polyhedron is built by attaching a semi-
infinite cylinder to each face of the polyhedron. The surfaces obtained from R
(I)
0,n by collapsing all I
propagators are in fact restricted polyhedra in which I nontrivial, non-intersecting closed paths along
the edges have length exactly equal to 2pi. This gives a unified description of all the moduli spaces
associated with heterotic string vertices in terms of V0,n and its subspaces.
4 Open questions and discussion
The most important remaining task is finding full closed-form expressions for the string field theory
action and the gauge transformations. Our partial results should give useful clues in this search. The
WZW open superstring field theory uses exponentials of string fields. This is natural because the
string field is Grassmann even and the open string star product is associative. With the rich structure
of homotopy Lie-algebra products that appears in closed string field theory, there may exist useful
generalizations of the exponential function. Since the number of QV ’s in the action increases with
the order of the interaction and QV is Grassmann even, some special function built with QV may
play a role in the construction. The two gauge transformations δΛV and δΩV in heterotic string field
theory take rather different forms. Each one separately appears to determine the action completely. It
remains to show the existence of a unique action which is invariant under both gauge transformations
to all orders.
Our construction is reminiscent of ‘heterosis’, the process of combining a right-moving superstring
with a left-moving bosonic string [9]. To see this, we recall that one may be able to view bosonic
closed string field theory as a kind of tensor product of two bosonic open string field theories [13].
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In our case we combine an open superstring field theory and an open bosonic string field theory, the
result being a closed string field theory with a new algebraic structure. While the algebraic structures
of both open and closed bosonic string field theories were naturally understood in terms of master
actions that satisfy the Batalin-Vilkovisky master equation, such understanding is still lacking for the
WZW open superstring theory and, of course, for the present heterotic string field theory.
It would also be of interest to write the NS-NS sector of a type II superstring field theory. An
intriguing generalization of the WZW open superstring theory was discussed in [14], where the large
Hilbert space was used for both holomorphic and antiholomorphic sectors, and a cubic covariantized
light-cone theory was proposed. For a Lorentz covariant theory higher-point interactions of the form
(2.8) are necessary to cover the moduli spaces of punctured spheres. If we try to construct such a
term with N string fields of ghost number and picture number zero and operators η, η¯, and Q which
preserve the conditions (3.3), the constraints from ghost and picture numbers require 2N−4 insertions
of BRST operators. Since this number is greater than the number of string fields for large N , and
we cannot have more than one Q acting on a string field due to nilpotency, our construction does not
seem to extend to the type II case in a straightforward way.
Despite its nonpolynomiality, the WZW open superstring field theory is not significantly harder
to use than the cubic open bosonic string field theory. This is because the higher point functions
carry no moduli, and no insertions of picture-changing operators are necessary. We expect that the
heterotic string field theory proposed here will not be significantly harder to use than bosonic closed
string field theory. We believe that computations of tachyon potentials and investigations of spacetime
background changes are now feasible using heterotic string field theory.
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A Constraints from gauge invariance
We expand the gauge transformations of S in powers of κ:
δΛS =
2
α′
∞∑
n=0
κn (δΛS)n , δΩS =
2
α′
∞∑
n=0
κn (δΩS)n . (A.1)
We can further classify the terms in Sn, (δΛS)n, and (δΩS)n by the number of BRST operators. The
maximum number of Q’s in Sn is n− 2 for n ≥ 3. Terms with (n− 2) Q’s and terms with (n− 3) Q’s
can be written as
Sn = fn 〈 ηV, [V, (QV )
n−2 ] 〉+
n−4∑
m=0
fn,m 〈 ηV, [V, (QV )
m, [V, (QV )n−m−3 ] ] 〉 +O(Qn−4) , (A.2)
for n ≥ 3, where fn and fn,m are coefficients to be determined by gauge invariance. The maximum
number of Q’s in δ
(m)
Λ V is m for m ≥ 1, and that in δ
(m)
Ω V is m − 1 for m ≥ 1. Terms with the
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maximum number of Q are written as
δ
(m)
Λ V = gm+1 [V, (QV )
m−1, QΛ ] +O(Qm−1) , (A.3)
δ
(m)
Ω V = hm+1 [ ηΩ, (QV )
m−1, V ] +O(Qm−2) , (A.4)
for m ≥ 1, where gm+1 and hm+1 are coefficients to be determined.
Let us begin with the calculation of (δΛS)n. It follows from (A.2), (A.3), S2 = O(Q), and δ
(0)
Λ V =
O(Q) that the maximum number of Q’s in (δΛS)n is n + 1 for n ≥ 1. The terms in (δΛS)n which
contain (n+ 1) Q’s and those which contain n Q’s are given by
(δΛS)n =
n∑
m=0
δ
(m)
Λ Sn−m+2
=
[
gn+1 − (n+ 2) fn+2
]
{QηV, V, (QV )n−1, QΛ }
+ 2
n−2∑
m=0
[
fn+2,m −
(
n
m
)
fn+2
]
{ ηV, (QV )m, QΛ, [V, (QV )n−m−1 ] }
+
n−1∑
m=1
[
(m+ 2) gn−m+1 fm+2 − 2
(
n
m
)
fn+2 − fn+2, n−m−1 − fn+2,m−1
]
×{ ηV, (QV )m, [V, (QV )n−m−1, QΛ ] }
+ 〈QηV, O(Qn−1) 〉+O(Qn−1) , (A.5)
where
(
n
m
)
is the binomial coefficient
(
n
m
)
= n!
m! (n−m)! . Gauge invariance requires
gn+1 − (n+ 2) fn+2 = 0 ,
fn+2,m −
(
n
m
)
fn+2 = 0 , (A.6)
(m+ 2) gn−m+1 fm+2 − 2
(
n
m
)
fn+2 − fn+2, n−m−1 − fn+2,m−1 = 0 .
These equations uniquely determine fn, fn,m, and gn with f3 = 1/3! :
fn =
1
n!
, fn,m =
1
n!
(
n− 2
m
)
, gn =
1
n!
. (A.7)
Let us next compute (δΩS)n. It follows from (A.2), (A.4), S2 = O(Q), and δ
(0)
Ω V = O(Q
0) that
the maximum number of Q’s in (δΩS)n is n for n ≥ 1. The terms in (δΩS)n which contain n Q’s and
13
the terms which contain n− 1 Q’s are given by
(δΩS)n =
n∑
m=0
δ
(m)
Ω Sn−m+2
=
[
hn+1 − n (n+ 2) fn+2
]
{QηV, ηΩ, (QV )n−1, V }
+
n−2∑
m=0
[
(n−m) fn+2, m − n
(
n− 1
m
)
fn+2
]
{ ηV, [ ηΩ, (QV )n−m−1 ] , (QV )m, V }
+
n−3∑
m=0
[
(m+ 1) fn+2,m+1 − n
(
n− 1
m
)
fn+2
]
{ ηV, [ (QV )n−m−1 ] , ηΩ, (QV )m, V }
+
n−1∑
m=1
[
(m+ 2)hn−m+1 fm+2 − 2n
(
n− 1
m
)
fn+2 − (n −m) ( fn+2, n−m−1 + fn+2,m−1 )
]
×{ ηV, [ ηΩ, (QV )n−m−1, V ] , (QV )m }
+ 〈QηV, O(Qn−2) 〉+O(Qn−2) . (A.8)
Gauge invariance requires
hn+1 − n (n+ 2) fn+2 = 0 ,
(n−m) fn+2,m − n
(
n− 1
m
)
fn+2 = 0 ,
(m+ 1) fn+2, m+1 − n
(
n− 1
m
)
fn+2 = 0 ,
(m+ 2)hn−m+1 fm+2 − 2n
(
n− 1
m
)
fn+2 − (n−m) ( fn+2, n−m−1 + fn+2,m−1 ) = 0 .
(A.9)
These equations uniquely determine fn, fn,m, and hn with f3 = 1/3! :
fn =
1
n!
, fn,m =
1
n!
(
n− 2
m
)
, hn =
n− 1
n!
. (A.10)
The coefficients fn and fn,m are in perfect agreement with those in (A.7). Since either one of the two
sets of equations (A.6) and (A.9) is, by itself, an overdetermined system, it is highly nontrivial that
there exists an action which respects gauge invariance under both δΛV and δΩV up to this order.
References
[1] E. Witten, “Noncommutative Geometry And String Field Theory,” Nucl. Phys. B 268, 253 (1986).
[2] B. Zwiebach, “Closed string field theory: Quantum action and the B-V master equation,” Nucl. Phys. B
390, 33 (1993) [arXiv:hep-th/9206084].
[3] M. Saadi and B. Zwiebach, “Closed String Field Theory From Polyhedra,” Annals Phys. 192, 213 (1989);
T. Kugo, H. Kunitomo and K. Suehiro, “Nonpolynomial Closed String Field Theory,” Phys. Lett. B 226,
48 (1989); T. Kugo and K. Suehiro, “Nonpolynomial Closed String Field Theory: Action And Its Gauge
Invariance,” Nucl. Phys. B 337, 434 (1990); M. Kaku, “Geometric Derivation Of String Field Theory From
First Principles: Closed Strings And Modular Invariance,” Phys. Rev. D 38, 3052 (1988); M. Kaku and
J. Lykken, “Modular Invariant Closed String Field Theory,” Phys. Rev. D 38, 3067 (1988).
14
[4] B. Zwiebach, “Oriented open-closed string theory revisited,” Annals Phys. 267, 193 (1998)
[arXiv:hep-th/9705241]; B. Zwiebach, “Quantum Open String Theory With Manifest Closed String Fac-
torization,” Phys. Lett. B 256, 22 (1991).
[5] L. Rastelli, A. Sen and B. Zwiebach, “String field theory around the tachyon vacuum,” Adv. Theor.
Math. Phys. 5, 353 (2002) [arXiv:hep-th/0012251]; L. Rastelli, A. Sen and B. Zwiebach, “Classical so-
lutions in string field theory around the tachyon vacuum,” Adv. Theor. Math. Phys. 5, 393 (2002)
[arXiv:hep-th/0102112]; L. Rastelli, A. Sen and B. Zwiebach, “Boundary CFT construction of D-branes
in vacuum string field theory,” JHEP 0111, 045 (2001) [arXiv:hep-th/0105168]; D. Gaiotto, L. Rastelli,
A. Sen and B. Zwiebach, “Ghost structure and closed strings in vacuum string field theory,” Adv. Theor.
Math. Phys. 6, 403 (2003) [arXiv:hep-th/0111129]; Y. Okawa, “Open string states and D-brane tension
from vacuum string field theory,” JHEP 0207, 003 (2002) [arXiv:hep-th/0204012].
[6] N. Berkovits, “SuperPoincare invariant superstring field theory,” Nucl. Phys. B 450, 90 (1995) [Erratum-
ibid. B 459, 439 (1996)] [arXiv:hep-th/9503099].
[7] R. Saroja and A. Sen, “Picture changing operators in closed fermionic string field theory,” Phys. Lett. B
286, 256 (1992) [arXiv:hep-th/9202087].
[8] E. Witten, “Interacting Field Theory Of Open Superstrings,” Nucl. Phys. B 276, 291 (1986); C. Wendt,
“Scattering Amplitudes And Contact Interactions In Witten’s Superstring Field Theory,” Nucl. Phys. B
314, 209 (1989); C. R. Preitschopf, C. B. Thorn and S. A. Yost, “Superstring Field Theory,” Nucl. Phys.
B 337, 363 (1990); I. Y. Arefeva, P. B. Medvedev and A. P. Zubarev, “New Representation For String
Field Solves The Consistence Problem For Open Superstring Field,” Nucl. Phys. B 341, 464 (1990).
[9] D. J. Gross, J. A. Harvey, E. J. Martinec and R. Rohm, “Heterotic String Theory. 1. The Free Heterotic
String,” Nucl. Phys. B 256, 253 (1985); D. J. Gross, J. A. Harvey, E. J. Martinec and R. Rohm, “Heterotic
String Theory. 2. The Interacting Heterotic String,” Nucl. Phys. B 267, 75 (1986); D. J. Gross and
V. Periwal, “Heterotic String Light Cone Field Theory,” Nucl. Phys. B 287, 1 (1987).
[10] A. Adams, J. Polchinski and E. Silverstein, “Don’t panic! Closed string tachyons in ALE space-
times,” JHEP 0110, 029 (2001) [arXiv:hep-th/0108075]; C. Vafa, “Mirror symmetry and closed string
tachyon condensation,” arXiv:hep-th/0111051; J. A. Harvey, D. Kutasov, E. J. Martinec and G. Moore,
“Localized tachyons and RG flows,” arXiv:hep-th/0111154; A. Dabholkar, “Tachyon condensation and
black hole entropy,” Phys. Rev. Lett. 88, 091301 (2002) [arXiv:hep-th/0111004]; J. R. David, “Un-
stable magnetic fluxes in heterotic string theory,” JHEP 0209, 006 (2002) [arXiv:hep-th/0208011];
Y. Okawa and B. Zwiebach, “Twisted tachyon condensation in closed string field theory,” JHEP 0403, 056
(2004) [arXiv:hep-th/0403051]; A. Dabholkar, A. Iqubal and J. Raeymaekers, “Off-shell interactions for
closed-string tachyons,” JHEP 0405, 051 (2004) [arXiv:hep-th/0403238]; M. Headrick, S. Minwalla and
T. Takayanagi, “Closed string tachyon condensation: An overview,” arXiv:hep-th/0405064.
[11] N. Berkovits, “The tachyon potential in open Neveu-Schwarz string field theory,” JHEP 0004, 022 (2000)
[arXiv:hep-th/0001084]; N. Berkovits, A. Sen and B. Zwiebach, “Tachyon condensation in superstring field
theory,” Nucl. Phys. B 587, 147 (2000) [arXiv:hep-th/0002211].
[12] J. Polchinski, String Theory, Vol. II, Cambridge University Press, UK (1998).
[13] M. R. Gaberdiel and B. Zwiebach, “Tensor constructions of open string theories I: Foundations,” Nucl.
Phys. B 505, 569 (1997) [arXiv:hep-th/9705038].
[14] N. Berkovits, “A new approach to superstring field theory,” Fortsch. Phys. 48, 31 (2000)
[arXiv:hep-th/9912121].
15
